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Abstract. It is known that the wavelet Galerkin scheme is an efficient method for

the numerical solution of boundary integral equations. The parametric description

of the given surface is required in order to create wavelets on manifolds. Technical

surfaces generated by CAD tools are represented in this form. But often trimmed

surfaces appear when thinking of the standard IGES format. An algorithm to

parametrize trimmed surfaces in order to apply the wavelet Galerkin scheme is

presented. Numerical results are reported to illustrate the approach. In particular,

the decomposition techniques are applied to real CAD data which come from IGES

files.

Introduction

Various problems in science and engineering can be formulated as boundary integral

equations which are generally solved by the boundary element method (BEM). For

instance, BEM is a favourable approach for the treatment of exterior boundary value

problems, in particular for problems in electromagnetics or in case of the Helmholtz

equation. Nevertheless, traditional discretizations will lead in general to very large

linear systems with densely populated and possibly ill-conditioned matrices. This

makes the computation very costly in both respects, the computation time and

computer memory requirements.

In recent years several ideas for the efficient approximation of the discrete system

have been developed. Most prominent examples of such methods are fast multipole

[17], panel clustering [19], wavelet Galerkin methods [2, 5], and the hierarchical

matrix approach [18]. Such fast discretization methods end up with linear or almost

linear complexity with respect to the number of unknowns.

The present paper is concerned with the wavelet Galerkin scheme. In fact, a Galerkin

discretization with wavelet bases results in quasi-sparse matrices, i.e., most matrix

entries are negligible and can be treated as zero. Discarding these nonrelevant ma-

trix entries is called matrix compression. In [23] a fully discrete wavelet Galerkin

method has been proposed that produces approximate solutions within discretiza-

tion accuracy in linear complexity.

Key words and phrases. Computer Aided Design, trimmed surfaces, wavelets, boundary

element method.
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A strong effort has been spent on the construction of appropriate wavelet bases

on surfaces, see e.g. [8, 9, 22, 24, 26]. In order to achieve linear complexity in the

wavelet Galerkin scheme, wavelet bases are required which provide sufficiently many

vanishing moments. Our realization is based on biorthogonal spline wavelets derived

from the multiresolution developed in [4]. The surface is subdivided into smooth

four-sided patches which are images of the unit square under smooth diffeomor-

phisms. Then, the wavelets are constructed by lifting wavelets from the unit square

to the surface via parametrization. Gluing along the patch boundaries yields globally

continuous wavelet bases.

The surface representation is in contrast to the usual approximation of the surface

by panels. It has the advantage that the rate of convergence is not limited by this

approximation. Technical surfaces generated by CAD tools are often represented

in this form. The most common format of geometry representation is the IGES

standard. Since it is very difficult to implement all IGES entities, we have restricted

ourselves to IGES 144. Then, the initial CAD object is a solid bounded by a closed

surface that is given as a collection of parametric surfaces. Each surface can be

trimmed or untrimmed [3]. Untrimmed surfaces are four-sided patches, parametrized

over a rectangle. There are several representations [25] including B-splines, NURBS,

surfaces of revolution and tabulated cylinders.

Since the treatment of untrimmed surfaces is straightforward, we concentrate on

trimmed surfaces. Here, we have a supporting surface parametrized over a reference

rectangle. However, since only a piece of the supporting surface enters the given

geometry, the remaining part has to be trimmed off. This piece is the image of a

multiply connected region delineated by composite curves on the reference rectangle.

We will construct diffeomorphisms between the trimmed surface and the unit square

which enable us to apply our wavelet Galerkin scheme.

The paper is organized as follows. In Sec. 1 we describe the prerequisites for con-

structing wavelets on manifolds. Sec. 2 briefly surveys on the features of the wavelet

Galerkin scheme for boundary integral equations. The following sections are ded-

icated to the preparation of the CAD objects for the wavelet Galerkin scheme.

Sec. 3 is concerned with the preliminaries on the description of surfaces by the

IGES 144 standard which includes in particular trimmed surfaces. The decompo-

sition of trimmed surfaces into four-sided patches is explained in Sec. 4. In Sec. 5

diffeomorphisms between the unit square and the patches are constructed by means

of transfinite interpolation. In Sec. 6 we realize global continuity by using a chord

length reparametrization. Finally in Sec. 7 we present numerical results to demon-

strate the capability of the algorithms.
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1. Requirements for the wavelet construction

We shall consider a simply connected domain Ω ⊂ R
3 with piecewise smooth bound-

ary Γ = ∂Ω. We assume that the boundary manifold Γ is given as a parametric

surface consisting of smooth patches. More precisely, let � := [0, 1]2 denote the unit

square. The manifold Γ ⊂ R
3 is partitioned into a finite number of patches

(1.1) Γ =
M⋃

i=1

Γi, Γi = γi(�), i = 1, 2, . . . ,M,

where each γi : � → Γi defines a diffeomorphism of � onto Γi. The intersection

Γi ∩ Γi′, i 6= i′, of the patches Γi and Γi′ is supposed to be either ∅, or a common

edge or vertex.

A mesh of level j on Γ is induced by dyadic subdivisions of depth j of the unit square

into 4j cubes Cj,k ⊆ �, where k = (k1, k2) with 0 ≤ k1, k2 < 2j . This generates 4jM

elements (or elementary domains) Γi,j,k := γi(Cj,k) ⊆ Γi, i = 1, . . . ,M .

In order to ensure that the collection of elements {Γi,j,k} on the level j forms a regular

mesh on Γ, the parametric representation is subjected to the following matching

condition: A bijective, affine mapping Ξ : � → � exists such that for all x = γi(s)

on a common edge of Γi and Γi′ it holds that

(1.2) γi(s) = (γi′ ◦ Ξ)(s).

In other words, the diffeomorphisms γ i and γi′ coincide at common edges except

for orientation.

We emphasize that the above definitions require patchwise smoothness but not

global smoothness of the geometry. The surface itself needs to be only Lipschitz.

The nested trial spaces

Vj0 ⊂ Vj0+1 ⊂ · · · ⊂ Vj ⊂ Vj+1 ⊂ · · · ⊂ Hq(Γ)

that we shall employ in the Galerkin scheme are the spaces of piecewise constant

or bilinear functions on the given partition. These trial spaces have the approxima-

tion order d = 1 and d = 2 in the case of the piecewise constants and bilinears,

respectively, i.e.,

inf
vj∈Vj

‖v − vj‖0 . 2−jd‖v‖d.

The trial spaces are spanned by so called single-scale bases Φj = {φj,k : k ∈ ∆j}

which can be specified as follows: On the level j, we find for each element Γi′,j,k′ a

piecewise constant scaling function φj,k with

φj,k
∣∣
Γi′,j,k′

≡ 2j
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and φj,k(x) = 0 elsewhere. To describe the canonical piecewise bilinear scaling func-

tions, we define four bilinear shape functions on the unit square

p1(s) := (1 − s1)(1 − s2), p2(s) := s1(1 − s2),

p3(s) := s1s2, p4(s) := (1 − s1)s2.

Then, φj,k is equal to 1 in one node and equal to zero in the remaining nodes and,

if its support contains the element Γi′,j,k′, we find an m ∈ {1, 2, 3, 4} such that

φj,k
∣∣
Γi′,j,k′

(x) = pm(s), x = γi′
(
2−j(k′1 + s1), 2

−j(k′2 + s2)
)
.

Continuity is supposed on each patch, but along the interfaces of the patches we

may consider double nodes or continuity. Notice that our definition yields the L2-

normalization ‖φj,k‖0 ∼ 1.

Wavelets for the present ansatz spaces have been constructed in several papers, see

e.g. [8, 9, 24]. The wavelets Ψj = {ψj,k : k = ∇j} (∇j := ∆j+1 \ ∆j) which have

been implemented in our code are specified in [22]. Especially they provide vanishing

moments in terms of

(1.3) |〈v, ψj,k〉| . 2−j(d̃+n/2)|v|
W d̃,∞(suppψj,k)

.

Here |v|
W d̃,∞(Ω)

:= sup|α|=d̃, x∈Ω |∂αv(x)| denotes the semi-norm in W d̃,∞(Ω). Since

we use biorthogonal wavelets the order d̃ of vanishing moments can be chosen higher

than the approximation order d. This is essential for deriving optimal compression

rates and could not be realized by orthonormal bases.

2. Wavelet Galerkin BEM

We briefly overview on the principles of wavelet Galerkin BEM. We consider the

boundary integral equation

(2.4) Au(x) =

∫

Γ

k(x,y)u(y)dΓy = f(x), x ∈ Γ,

where the boundary integral operator is assumed to be an operator of order 2q, that

is A : Hq(Γ) → H−q(Γ). The kernel functions under consideration are supposed

to be smooth as functions in the variables x,y, apart from the diagonal {(x,y) ∈

Γ × Γ : x = y} and may have a singularity on the diagonal. Such kernel functions

arise, for instance, by applying a boundary integral formulation to a second order

elliptic problem. In general, they decay like a negative power of the distance of the

arguments which depends on the order 2q of the operator.

We shall be concerned with the Galerkin method for the solution of the given bound-

ary integral equation (2.4): find uJ ∈ VJ solving the variational problem

〈AuJ , vJ〉 = 〈f, vJ〉 for all vJ ∈ VJ .
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Traditionally this equation is discretized by the single-scale basis of VJ which yields

a densely populated system matrix. Using instead wavelets with a sufficiently strong

cancellation property (1.3), the system matrix becomes quasi-sparse and the most

matrix coefficients are negligible without compromising the order of convergence of

the Galerkin scheme [5, 30].

But before we formulate this result, we introduce the following abbreviation

(2.5) Ωj,k := convhull(suppψj,k), Ω′
j,k := sing suppψj,k.

Notice that the first expression denotes the convex hull of the support of a wavelet

with respect to the Euclidean space R
3. The second expression indicates the singular

support, i.e. that subset of Γ where the wavelet is not smooth.

Theorem 2.1 (A-priori compression). Let Ωj,k and Ω′
j,k be given as in (2.5) and

define the compressed system matrix AJ , corresponding to the boundary integral

operator A, by

(2.6) [AJ ](j,k),(j′,k′) :=





0, dist(Ωj,k,Ωj′,k′) > Bj,j′ and j, j′ ≥ j0,

0, dist(Ωj,k,Ωj′,k′) . 2−min{j,j′} and

dist(Ω′
j,k,Ωj′,k′) > B′

j,j′ if j′ > j ≥ j0 − 1,

dist(Ωj,k,Ω
′
j′,k′) > B′

j,j′ if j > j′ ≥ j0 − 1,

〈Aψj′,k′, ψj,k〉, otherwise.

Fixing

(2.7) a > 1, d < δ < d̃+ 2q,

the cut-off parameters Bj,j′ and B′
j,j′ are set as follows

(2.8)

Bj,j′ = a max

{
2−min{j,j′}, 2

2J(δ−q)−(j+j′)(δ+d̃)

2(d̃+q)

}
,

B′
j,j′ = amax

{
2−max{j,j′}, 2

2J(δ−q)−(j+j′)δ−max{j,j′}d̃

d̃+2q

}
.

Then, the system matrix AJ has only O(NJ) nonzero coefficients. Moreover, the

error estimate

(2.9) ‖u− uJ‖2q−d . 2−2J(d−q)‖u‖d

holds for the solution uJ of the compressed Galerkin system provided that u and Γ

are sufficiently regular.

The compressed system matrix can be assembled in linear complexity if one employs

the exponentially convergent hp–quadrature method proposed in [23]. If the entries
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of the compressed system matrix AJ have been computed, we may apply an a-

posteriori compression by setting all entries to zero, which are smaller than a level

dependent threshold. That way, a matrix ÂJ is obtained which has less nonzero

entries than the matrix AJ . Clearly, this does not accelerate the calculation of

the matrix coefficients. But if the linear system of equations has to be solved for

several right hand sides, like for instance in shape optimization (see e.g. [20]) or in

inverse obstacle problems (see e.g. [21]), the faster matrix-vector multiplication pays

off. To our experience the a-posteriori compression reduces the number of nonzero

coefficients by a factor 2–5.

Theorem 2.2 (A-posteriori compression). We define the a-posteriori compression

by

[
ÂJ

]
(j,k),(j′,k′)

=





0, if
∣∣[AJ

]
(j,k),(j′,k′)

∣∣ ≤ εj,j′,
[
AJ

]
(j,k),(j′,k′)

, if
∣∣[AJ

]
(j,k),(j′,k′)

∣∣ > εj,j′.

Herein, the level dependent threshold εj,j′ is given by

εj,j′ ∼ min
{

2−|j−j′|n/2, 2
−2n(J− j+j′

2
) δ−q

d̃+q

}
22Jq2−2δ(J− j+j′

2
)

with d < δ < d̃ + r from (2.7). Then, the optimal order of convergence (2.9) of the

Galerkin scheme is not compromised.

If the order q of the boundary integral operator A is 6= 0, the compressed system

matrix AJ becomes more and more ill-conditioned when J increases. However, as a

consequence of the norm equivalences of wavelet bases, the diagonally scaled system

matrix has uniformly bounded spectral condition numbers ([6, 30]).

Theorem 2.3 (Preconditioning). Let the diagonal matrix Dr
J defined by

[
Dr
J

]
(j,k),(j′,k′)

= 2rjδj,j′δk,k′, k ∈ ∇j , k′ ∈ ∇j′, j0 ≤ j, j′ < J.

Then, if the regularity γ̃ of the dual wavelets satisfies γ̃ > −q, the diagonal matrix

D
2q
J defines an asymptotically optimal preconditioner to AJ , i.e.,

condℓ2(D
−q
J AJD

−q
J ) ∼ 1.

Remark 2.4. The entries on the main diagonal of AJ satisfy 〈Aψj,k, ψj,k〉 ∼ 22qj.

Therefore, the above preconditioning can be replaced by a diagonal scaling. In fact,

the diagonal scaling improves and even simplifies the wavelet preconditioning.
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3. Geometry representation in CAD

In this section, we want to summarize the geometry representation using the IGES

format. It is a CAD standard written in structured records specified as IGES en-

tities which are stored into five sections. Since it is very difficult to implement all

IGES entities, we have restricted ourselves to IGES 144 where the most important

geometric items are summarized in Tab. 3.1.

IGES Entities ID numbers IGES-codes

Line 110 LINE

Circular arc 100 ARC

Polynomial/rational B-spline curve 126 B SPLINE

Composite curve 102 CCURVE

Surface of revolution 120 SREV

Tabulated cylinder 122 TCYL

Polynomial/rational B-spline surface 128 SPLSURF

Trimmed parametric surface 144 TRM SRF

Transformation matrix 124 XFORM

Table 3.1. Most important IGES entities.

The initial CAD object is a solid Ω ⊂ R
3 bounded by a closed surface Γ which is

given as a collection of N parametric surfaces S1, . . . , SN . Each surface Si can be

trimmed or untrimmed [3]. For untrimmed surfaces, we have several representations

[25] including B-splines, NURBS, surfaces of revolution and tabulated cylinders

defined on rectangular domains which will be supposed to be the unit square. Note

that Bézier surfaces are represented in their B-spline forms. As for each trimmed

surface Si, we have a rectangle Ri := [ai, bi]× [ci, di] containing a multiply connected

region Di. The external and internal (when relevant) boundary curves of the domain

Di are supposed to be composite curves as in Fig. 3.1. That is, there are univariate

smooth functions κji defined on [eji , f
j
i ] such that

(3.10) ∂Di =
⋃

j

Im(κji ).

We have a parametric function ψi : Ri → R
3 which is bijective, smooth and regular

in the sense that its Jacobian has maximal rank such that ψi(Di) = Si. Furthermore,

we suppose the following conditions for each Di:

(B1) For all j, we have κ̇ji (τ) 6= 0.

(B2) Each κji is r-times continuously differentiable for sufficiently large r.
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(B3) If the terminating point κji (f
j
i ) of κji and the starting point κki (e

k
i ) of κki

coincide, we must have the next relation to forbid cusps:

(3.11) lim
t→fj

i −
κ̇
j1
i (t) 6= −λ lim

t→ek
i
+
κ̇
j2
i (t) ∀λ > 0.

Our objective is to tessellate the surface Γ into a collection of four-sided domains

Γi, i.e., (1.1), where the splitting is conforming according to Sec. 1.

4. Decomposition procedure

4.1. Polyhedral approximation. To facilitate the next description, we will treat

trimmed as well as untrimmed surfaces in a unified approach where Di := � for

each untrimmed surface Si. As initial step of the decomposition, we approximate

the curved boundaries of {Si} by straight line segments separated by nodes A =

{xk} ⊂ R
3 as in Fig. 4.2(b). That consists in finding polygonal approximations of

the planar domains Di as follows. For each surface Si, we generate a polygon P (i)

whose nodes x
(i)
k are taken from the curved boundary of Di. That is, each vertex

x
(i)
k of P (i) is the image of some boundary curve parametrization κji of Di:

(4.12) x
(i)
k = κ

j
i (tk,i) where tk,i ∈ [eji , f

j
i ].

The polygons should be generated in such a way that for two adjacent different

surfaces Si and Sq which share a curve C, if ψi(x
(i)
k ) ∈ C, then there must exist a

vertex x
(q)
l ∈ P (q) with

(4.13) ψi(x
(i)
k ) = ψq(x

(q)
l ).

This relation is important in order to ensure conformity of the surface decomposition.

If a four-sided patch Γi ⊂ Si and another one Γq ⊂ Sq are adjacent then they should

share a complete edge. In particular, since the endpoints of that shared edge are

corners of Γi and Γq, we must have relation (4.13) for those corners.

u

v

ai bi

ci

di

e
j
i f

j
i

x

y

z

ψiκ
j
i

Di
Si

Figure 3.1. The boundary of Di ⊂ R
2 is the image of several curves

κ
j
i . Apply ψi to have the trimmed surface Si.
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(a) (b)

Figure 4.2. (a) Given 3D model (b) Polyhedral approximation.

(a)

α

β

γ

δ

(b)

Figure 4.3. (a) Imperfections in polygonal approximation (b) Four-

sided region.

Let us note that if we take too few vertices, the resulting polygon may have imper-

fections such as different edges which intersect. For instance in Fig. 4.3(a), the dark

dashed lines describe the polygonal approximation of a multiply connected domain

with curved boundaries which are drawn in gray solid lines. The leftmost internal

polygonal boundary intersects with the external polygonal approximation which is

too coarse. But if the polygonal approximation is too fine, then it ends up with too

many four-sided patches. Therefore, one has to split the curved edges adaptively

while trying to maintain relation (4.13) which involves some preimage computa-

tions. Let us emphasize that only polygons having an even number of boundary

vertices can be decomposed into quadrilaterals. In order to convert odd faces into

even ones while inserting only few nodes, we assemble the adjacency graph and we

use Dijkstra’s algorithm to search for the shortest path connecting two odd poly-

gons. One can show [28] that the number of odd faces is always even for a closed

model and the odd faces can thus be converted to even ones pairwise.

4.2. Decomposing in 2D and lifting. Our main approach of achieving (1.1)

consists in splitting the 2D regions Di into four-sided regions Qk,i as Di =
⋃
kQk,i.

The final four-sided patches Γk are therefore the images byψi of the 2D domainsQk,i.

Toward that end, we decompose each polygon P (i) into convex quadrilaterals qk,i.
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q1

q2

q3 q4

q7 q6 q5

xr xsf

(a)

Q1

Q2

Q3 Q4

Q7 Q6 Q5

xr xsCf

(b)

Figure 4.4. Subregions with curved sides from quadrangulation.

We have developed in [28] an approach that decomposes a polygon with n boundary

vertices into O(n) convex quadrilaterals. During that quadrangulation, we do not

use any boundary vertices other than the preimages ψ−1
i (xk) of some xk ∈ A. The

four-sided domains Qk,i are obtained from qk,i by replacing the straight boundary

edges of qk,i by the corresponding curve portion of Di as shown in Fig. 4.4. Let us

note that the process of curve replacement may give rise to three serious problems.

First, the curve may intersect an internal edge. Second, sharp corners might be

smoothened out by such a replacement. Third, it is possible that the Coons patch is

not regular (see next section). In such cases, we have to make a polygonal refinement.

We developed in [28] a method for making only a local repairment while keeping

the large part of the quadrangulation in which we guarantee relation (4.13) when

inserting new nodes. According to our experience, there are special trimmed surfaces

which occur often in mechanical parts. As a result, we should treat them separately.

That special treatment consists in detecting those cases and in designing a particular

tessellation for each one of them.

5. Transfinite interpolation

Let us consider four sufficiently smooth curves α,β,γ, δ : R −→ R
2. We are inter-

ested in their restriction on [0, 1] and we suppose that they fulfill the compatibility

conditions at the corners as in Fig. 4.3(b):

(5.14) α(0) = δ(0) , α(1) = β(0) , γ(0) = δ(1) , γ(1) = β(1).

We assume that besides the common points in (5.14), there are no further intersec-

tion points. We are interested in generating a parametric surface c(u, v) defined on

� such that the image of ∂� by c coincides with the four curves. That is, we have:

c(u, 0) = α(u), c(u, 1) = γ(u) ∀u ∈ [0, 1],

c(0, v) = δ(v), c(1, v) = β(v) ∀ v ∈ [0, 1].
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(b)

Figure 5.5. (a) Regular Coons patch (b) Undesired overspill phenomenon.

This transfinite interpolation problem [13, 14] can be solved by a first order Coons

patch which is defined in matrix form as

(5.15) c(u, v) := −




−1

F0(u)

F1(u)




T 


0 c(u, 0) c(u, 1)

c(0, v) c(0, 0) c(0, 1)

c(1, v) c(1, 0) c(1, 1)







−1

F0(v)

F1(v)


 ,

where F0 and F1 denote two arbitrary smooth functions satisfying [16, 31]:

Fi(j) = δij , i, j = 0, 1 and F0(t) + F1(t) = 1 ∀ t ∈ [0, 1].

In practical cases, the blending functions F0, F1 are chosen as in Tab. 5.2.

Type F0(t) F1(t)

Linear 1 − t t

Cubic B3
0(t) +B3

1(t) B3
2(t) +B3

3(t)

Trigonometric cos2(0.5πt) sin2(0.5πt)
Table 5.2. Blending functions.

For most cases, a Coons patch is already regular as in Fig. 5.5(a). However, when

the boundary curves become too wavy, we observe overlapping isolines indicating

that the mapping is not invertible as in Fig. 5.5(b). Our next goal is to find an

efficient method which can quickly verify if a Coons patch is regular.

5.1. Bézier case. Before describing the general case, we will examine different con-

ditions that guarantee the regularity of a planar Coons map with Bézier boundaries.

That is, we suppose that the boundary curves α,β,γ, δ are expressed in terms of
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their respective control points αi,βi,γi, δi (i = 0, . . . , n) and the Bernstein polyno-

mials Bn
i (t) :=

(
n
i

)
ti(1 − t)n−i as follows

α(t) =
n∑

i=0

αiB
n
i (t), β(t) =

n∑

i=0

βiB
n
i (t),

γ(t) =

n∑

i=0

γ iB
n
i (t), δ(t) =

n∑

i=0

δiB
n
i (t).

The polynomial blending function F1 is also expressed in Bézier form F1(t) =∑n
i=0 φiB

n
i (t) = 1 − F0(t). Furthermore, we suppose that the range of F0 and F1 is

[0, 1] and we define

µ := max{|F ′
1(t)| : t ∈ [0, 1]}.

In order to express the next result, we define τ as the minimum of the following

expressions over i, j = 0, · · · , n

Aij := n2 det[αi+1 −αi, δj+1 − δj], Bij := n2 det[αi+1 −αi,βj+1 − βj ],

Cij := n2 det[γi+1 − γ i, δj+1 − δj], Dij := n2 det[γi+1 − γi,βj+1 − βj].

Introduce also G := max{G1, G2} where

(5.16)
G1 := maxi{µ‖(βi − δi) + φi(γ0 − γn +αn −α0) + (α0 −αn)‖},

G2 := maxi{µ‖(γi −αi) + φi(γ0 − γn +αn −α0) + (α0 − γ0)‖}.

Theorem 5.1. Let M be a constant such that

(5.17)
n‖φj(γi+1 − γi +αi −αi+1)+(αi+1 −αi)‖≤M,

n‖φj(βi+1 − βi + δi − δi+1) +(δi+1 − δi)‖ ≤M,

for all i = 0, . . . , n − 1 and j = 0, . . . , n. If 2MG + G2 < τ and τ > 0, then c is

regular.

Proof. The partial derivatives of the Coons patch c are

cu(u, v) = F ′
1(u)S1(v) + C1(u, v),

cv(u, v) = F ′
1(v)S2(u) + C2(u, v),

where

(5.18)
S1(v) := β(v) − δ(v) +F0(v)

(
δ(0) − β(0)

)
+F1(v)

(
δ(1) − β(1)

)
,

S2(u) := γ(u) −α(u)+F0(u)
(
α(0) − γ(0)

)
+F1(u)

(
α(1) − γ(1)

)
,

and

C1(u, v) := F0(v)α
′(u) + F1(v)γ

′(u),

C2(u, v) := F0(u)δ
′(v) + F1(u)β

′(v).
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Some computations using the control points yield

S1(v) =

n∑

i=0

[(βi − δi) + φi(γ0 − γn +αn −α0) + (α0 −αn)]B
n
i (v),

S2(u) =
n∑

i=0

[(γi −αi) + φi(γ0 − γn +αn −α0) + (α0 − γ0)]B
n
i (u).

By using the Bézier representation, the function C1 can be expressed as

C1(u, v) =

n−1∑

i=0

n∑

j=0

[(αi+1 −αi) + φj(γi+1 − γi −αi+1 +αi)]B
n−1
i (u)Bn

j (v).

Additionally, the expression of C2 can be formulated in a similar way. Thus, relation

(5.17) implies the following bounds

‖C1(u, v)‖ ≤M, ‖C2(u, v)‖ ≤M ∀ (u, v) ∈ �.

On account of the multilinearity of the determinant and the fact that

α′(u) =

n−1∑

i=0

n(αi+1 −αi)B
n−1
i (u)

with similar relations for β, γ, δ, we deduce from the definition of τ that

det[C1(u, v),C2(u, v)] ≥
n−1∑

i,j=0

τBn−1
i (u)Bn−1

j (v) = τ.

The next inequality concludes the proof

det[cu, cv] ≥ det[C1(u, v),C2(u, v)] − (G2 + 2GM).

�

In order to employ the technique of adaptive subdivision, let us introduce two no-

tions. First, one can show (cf. [28]) that a Bézier surface
∑n

i,j=0 EijB
n
i (u)B

n
j (v) has

as Jacobian a Bézier function of degree 2n with the next control coefficients:

(5.19) Jpq :=
∑

i+k=p
j+l=q

C(i, j, k, l)

(
n
i

)(
n
k

)
(

2n
i+k

)
(
n
j

)(
n
l

)
(

2n
j+l

) , p, q = 0, . . . , 2n,

where

C(i, j, k, l) :=
l

n

[
i

n
D(i− 1, j, k, l − 1) +

(
1 −

i

n

)
D(i, j, k, l − 1)

]

+

(
1 −

l

n

) [
i

n
D(i− 1, j, k, l) +

(
1 −

i

n

)
D(i, j, k, l)

]

and

D(i, j, k, l) := n2 det[Ei+1,j − Eij,Ek,l+1 −Ekl].



14 H. HARBRECHT AND M. RANDRIANARIVONY

On the other hand, a Bézier surface F defined on [a, b] × [c, d] can be subdivided

into four Bézier surfaces FA, FB, FC , FD which are respectively defined on

IA := [a, (a+ b)/2] × [c, (c+ d)/2], IB := [a, (a+ b)/2] × [(c+ d)/2, d],

IC := [(a+ b)/2, b] × [c, (c+ d)/2], ID := [(a + b)/2, b] × [(c+ d)/2, d],

by using the following recursions. Suppose the control points of F are Fij , i, j =

0, . . . , n. We define for i, j = 0, . . . , n, k ≥ 1

(5.20)





F
[0]
ij := Fij and F

[k]
ij := 0.5

(
F

[k−1]
i−1,j + F

[k−1]
ij

)

P
[0]
ij := F

[i]
ij and P

[k]
ij := 0.5

(
P

[k−1]
i,j−1 + P

[k−1]
ij

)

Q
[0]
ij := F

[n−i]
nj and Q

[k]
ij := 0.5

(
Q

[k−1]
i,j−1 +Q

[k−1]
ij

)

The control points of FA, FB, FC and FD are respectively Aij := P
[j]
ij , Bij := P

[n−j]
in ,

Cij := Q
[j]
ij , Dij := Q

[n−j]
in . We have in particular

F (u, v) = F r(u, v) for (u, v) ∈ Ir, where r = A,B,C,D.

We can apply the same subdivision technique to each of the resulting 4 Bézier

surfaces. A recursive application of that subdivision on the unit square generates a

uniform grid consisting of σ2 little squares as illustrated in Fig. 5.6(a).

Theorem 5.2. Suppose that the Coons patch c defined with α,β,γ, δ is regular.

Suppose that its Jacobian function J has been subdivided into σ2 functions J ij defined

on

I ij := [(i− 1)/σ, i/σ] × [(j − 1)/σ, j/σ], i, j = 1, . . . , σ,

and with Bézier coefficients J ijpq, p, q = 0, . . . , 2n. Then, for a sufficiently large σ all

coefficients J ijpq have the same sign.

Proof. Since c is regular, the Jacobian J(u, v) must be of constant sign because it is

never zero. Without loss of generality we suppose that it is positive:

J(u, v) > 0 ∀(u, v) ∈ �.

Since the function J is continuous on the compact �, there must exist some λ > 0

such that

(5.21) J(u, v) ≥ ρ ∀ (u, v) ∈ �.

To simplify notation we fix (i, j) and denote by [a, b] × [c, d] the domain I ij . Let

P ij(u1, . . . , u2n; v1, . . . , v2n) be the blossom [27] of J ij :

J ij(u, v) = P ij(u, ..[2n].., u; v, ..[2n].., v)

where we use the notation s, ..[m].., s for an m-times repetition of s.
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Figure 5.6. Multiple subdivisions: (a) uniform (b) adaptive.

Define h := 1/(2nσ) and ap := a+ph, cq := c+qh for p = 0, . . . , 2n and q = 0, . . . , 2n.

By applying the multivariate Taylor expansion of P ij at (ap, ..[2n].., ap; cq, ..[2n].., cq)

and the symmetry property [27] of the blossom function, we obtain

(5.22) J ijpq = J ij(ap, cq) + O(h2).

Combining (5.21) and (5.22), there must exist some constant C > 0 such that

J ijpq = J ij(ap, cq) + J ijpq − J ij(ap, cq) ≥ J(ap, cq) − Ch2 ≥ λ− Ch2.

Since Ch2 = C/(2nσ)2 tends to 0 as σ tends to infinity, we deduce that J ijpq > 0 for

σ sufficiently large. �

We omit the proof of the following results which can be proved in a very similar

fashion.

Theorem 5.3. Let c be a Coons patch that is not regular. Then, in the situation

of Theorem 5.2 and for sufficiently large σ, there must exist (i1, j1) and (i2, j2) such

that

J i1,j1pq > 0

J i2,j2pq < 0

}
∀ p, q = 0, . . . , 2n.

In practice, we do not need to subdivide the Jacobian uniformly because we can

perform adaptive subdivision. We start from a single Jacobian function written in

Bézier form defined on the unit square. Then, we split it recursively by adaptively

using the former subdivision techniques. That is, we subdivide only those Bézier

functions that have Bézier coefficients J ijpq with different signs. The preceding two

theorems serve as abortion conditions for that recursion. An instance of that adaptive

subdivision process is illustrated in Fig. 5.6(b).

Note that the adaptive refinement is exclusively done for the purpose of verifying

whether a Coons map is regular. In particular, the new corner points which are
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observed in Fig. 5.6(b) do not become hanging nodes in the final four-sided decom-

position. When considering an individual four-sided patch, the adaptive refinement

is only performed in order to avoid the unnecessarily fine uniform refinement in

Fig. 5.6(a). This adaptive refinement approach can be better understood if we con-

sider the pipeline in Fig. 5.7.

5.2. General case. In CAD models, the bounding curves α,β,γ, δ are not neces-

sarily in Bézier forms. But it is always advantageous to have discrete criteria which

can be easily verified in practice. As a first step, we approximate them by Bézier

curves. Then, we apply the methods of the previous section to the resulting Bézier

curves. Now, we want to know to which extent that approximation affects the former

results. The following discussion might be obvious for specialists in approximation

theory but we include them anyway for the sake of completeness. Let us recall [27]

the following property of the Bernstein polynomials.

Theorem 5.4. Let f be a continuously differentiable function. Define the Bézier

function Anf by

(Anf)(t) :=
n∑

i=0

f

(
i

n

)
Bn
i (t).

Then, we have uniform convergence: ‖f − (Anf)‖∞ → 0 and ‖f ′ − (Anf)′‖∞ → 0

as n→ ∞.

Let us denote by cn the Coons patch corresponding to the Bézier curves α̃ := Anα,

β̃ := Anβ, γ̃ := Anγ, δ̃ := Anδ.

Corollary 5.5. If det(cu, cv) is of fixed sign (say positive) on �, then det(cnu, c
n
v )

is also of the same fixed sign for sufficiently large n.

Proof. We are only sketching the proof because it is not very difficult. Since the

functions F0, F
′
0, F1, F

′
1 are continuous on the compact interval [0, 1], there exists

R ∈ (0,∞) such that

‖F0‖∞ < R, ‖F ′
0‖∞ < R, ‖F1‖∞ < R, ‖F ′

1‖∞ < R.

Let us denote by S̃1 and S̃2 the same relation as (5.18) but with respect to α̃, β̃, γ̃,

δ̃. After a few computations, one can show that

anu := cu − cnu = F ′
1(u)[S1(v) − S̃1(v)] + F0(v)

(
α′(u) − α̃′(u)

)

+ F1(v)
(
γ ′(u) − γ̃ ′(u)

)
.

A similar relation holds for anv := cv − cnv . We have

‖cu − cnu‖∞ = R‖S1(v) − S̃1(v)‖∞ +R‖α′(u) − α̃′(u)‖∞ +R‖γ ′(u) − γ̃ ′(u)‖∞
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Input: curves α, β, γ, δ with
compatibility condition (5.14).

Approximate α, β, γ, δ by Bézier as
in Theorem 5.4 (if they are not).

Compute G and M as in (5.16) and (5.17).

Is Condition of Theorem 5.1 fulfilled ?

YES Ouput(1): Coons
patch is regular.

NO

Initialize the set of squares as S := {I0 = [0, 1]2}.
Compute the function J as in (5.19).

If ∀ I ∈ S, SignTest(I)=Constant 6= 0 ?

NO

YES
Ouput(2): Coons
patch is regular.

If ∃ I1, I2 ∈ S with SignTest(I1)=+1,
and SignTest(I2)=-1 ?

NO

YES
Ouput(3): Coons
patch is not regular.

Apply subdivision as in (5.20). Each square I ∈ S
with SignTest(I)=0 is subdivided into
four squares I = I1 ∪ I2 ∪ I3 ∪ I4. Then, update S.

Figure 5.7. Pipeline for the parametrization

where

S1(v) − S̃1(v) = β(v) − β̃(v) + δ(v) − δ̃(v).

Since c is continuously differentiable, there should exist some 0 < λ < 1 such that

det[cu, cv] > λ for all (u, v) ∈ �. Let B ≥ 1 be an upper bound of ‖cu(u, v)‖ and

‖cv(u, v)‖ for all (u, v) ∈ �. Due to the former theorem, for ε := λ/(4B) and for

sufficiently large n, we have ‖anu‖∞ = ‖cu − cnu‖∞ < ε/2. Similarly, we can show

‖anv‖∞ = ‖cv − cnv‖∞ < ε/2. Since

det[cnu, c
n
v ] = det[cu, cv] + det[anu, a

n
v ] − det[anu, cv] − det[cu, a

n
v ]

≥ det[cu, cv] − (‖anu‖∞‖anv‖∞ +B‖anu‖∞ +B‖anv‖∞),

we have det[cnu, c
n
v ] > λ/4 > 0. �

A similar Corollary can surely be proved for the case where the determinant does not

have any fixed sign. For practical purposes, we consider some threshold ∆ > 0 and we

suppose that we have regularity only if det[cu, cv] ≥ ∆. That is, if the determinant
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is strictly positive but it is very small, we suppose that the Coons patch is not

regular. In other words, we choose some large number n and we apply the theorems

in Sec. 5.1 to det[cnu, c
n
v ]. When we do not have regularity for the approximation cn,

we make refinement of the CAD surfaces as described in Sec. 4.

In order to summarize the whole process, we can see in Fig. 5.7 a flowchart which

displays the parametrization pipeline. For a Bézier surface defined on a square I,

SignTest(I) is a routine which produces three values: +1 , −1, 0. It is +1 if all con-

trol points with respect to I are positive. It is −1 if they are all negative. Otherwise,

it is zero. Theorem 5.2 and Theorem 5.3 ensure that the loop in the flowchart is not

infinite. Thus, the loop will break and exit at the second or third output gate.

6. Global continuity

The mapping γi from relation (1.1) will be the composition of the base surface ψi

from Sec. 3 and the Coons map of each 2D four sided domain. The boundaries α,

β, γ, δ of the Coons maps are either straight lines or restrictions of the images of

the curves κji as illustrated in Fig. 6.8. Since the Coons patch (5.15) requires α, β,

γ, δ to be defined on [0, 1], we use one of the next two representations for t ∈ [0, 1]:

(6.23)
µ(t) = tB + (1 − t)A, µ = α,β,γ, δ,

µ(t) = κ
j
i (tθ + (1 − t)s), µ = α,β,γ, δ.

The first representation is used when µ is a straight internal edge joining two internal

nodes A and B while the second one applies if µ is a restriction of κji on some

[s, θ] ⊂ [eji , f
j
i ].

An arbitrary parametrization of the curves κji from (3.10) does not guarantee the

global continuity in (1.2). Since we cannot modify the base surfacesψi, we want to re-

place the 2D curves κji by κ̃ji such that they have the same shapes (im(κji ) = im(κ̃ji ))

κ
j
i (s)

κ
j
i (θ)κ

j
i (e

j
i )

κ
j
i (f

j
i )

A
B

Q

Di

Figure 6.8. Restriction of κji to have boundary of a Coons patch

inside the domain Di
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χ1 χ2

λκ1 κ2

ψ1 ψ2

e1 f1 e2 f2

0 L

(a)

ψ
1 ◦α1

ψ 1
◦
β 1

ψ
1 ◦ γ

1

ψ
1
◦
δ 1

ψ2 ◦α2

ψ2 ◦ γ2

ψ
2
◦
β

2ψ
2
◦
δ 2

C
T

S

(b)

Figure 6.9. (a) Involved functions for adjacent Coons maps (b) Two

Coons maps match well at interface curve C for chord length

parametrization.

but they have different parametrizations. Let us introduce the length function

χji (t) :=

∫ t

ej
i

∥∥∥∥
dρji
dt

(θ)

∥∥∥∥dθ where ρ
j
i := ψi ◦ κ

j
i .

On account of the properties of κji and ψi, let us observe that

(6.24)
dχji
dt

(t) =

∥∥∥∥
dρji
dt

(t)

∥∥∥∥ 6= 0 ∀t ∈ [eji , f
j
i ].

Hence, there is an inverse function φji := (χji )
−1 and our method consists in replacing

the function κji by the chord length parametrization κ̃ji := κ
j
i ◦ φ

j
i .

Let us consider two adjacent trimmed surfaces Si and Sj. In order to facilitate the

presentation, we may suppose that they are S1 and S2 and we omit the superscripts.

In the following, we denote two Coons maps by c1 and c2 which are respectively

incident upon im(κ1) and im(κ2). In addition, we will assume that we have coinci-

dence of the images but we do not necessarily have pointwise agreement. That is,

one of the following relations hold for some u1, u2, v1, v2 ∈ {0, 1}

(6.25)

Im(ψ1[c1(u1, ·)])= Im(ψ2[c2(u2, ·)]),

Im(ψ1[c1(u1, ·)])= Im(ψ2[c2(·, v2)]),

Im(ψ1[c1(·, v1)])= Im(ψ2[c2(u2, ·)]),

Im(ψ1[c1(·, v1)])= Im(ψ2[c2(·, v2)]).

Further, we denote by [e1, f1] and [e2, f2] the intervals of definition of ψ1 ◦ κ1 and

ψ2 ◦ κ2 which have coinciding images C := (ψ1 ◦ κ1)([e1, f1]) = (ψ2 ◦ κ2)([e2, f2]).
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Note that the curved edge which is shared by the adjacent images of the two Coons

maps is not necessarily the whole C (but it is included in C) because of relation

(4.12) and (4.13) (see also Fig. 6.8).

Theorem 6.1. Suppose that we use the chord length parametrization κ̃1 = κ1 ◦ φ1

and κ̃2 = κ2 ◦ φ2 and that one of the relations in (6.25) is fulfilled. Then, the

images of the Coons maps c̃1, c̃2 have sides which agree pointwise irrespective of the

blending functions F0 and F1. That is, one of the following relations must hold for

all t ∈ [0, 1]:

(6.26)
ψ1[c̃1(u1, t)] = ψ2[c̃2(u2, t)], ψ1[c̃1(u1, t)] = ψ2[c̃2(t, v2)],

ψ1[c̃1(t, v1)] = ψ2[c̃2(u2, t)], ψ1[c̃1(t, v1)] = ψ2[c̃2(t, v2)],

where u1, u2, v1, v2 ∈ {0, 1}.

Proof. Since ρ2 is invertible, we may define λ := ρ−1
2 ◦ρ1. By definition of the chord

length parametrization, we have

χ1(t) =

∫ t

e1

∥∥∥∥
dρ1

dt
(θ)

∥∥∥∥ dθ χ2(t) =

∫ t

e2

∥∥∥∥
dρ2

dt
(θ)

∥∥∥∥ dθ.

From the definition of λ, we obtain by chain rule

dρ1

dt
(t) =

dρ2

dt

(
λ(t)

)
λ′(t).

As a consequence, we deduce (cf. Fig. 6.9):

χ1(t) =

∫ t

e1

∥∥∥∥
dρ1

dt
(θ)

∥∥∥∥ dθ =

∫ λ(t)

e2

∥∥∥∥
dρ2

dt
(σ)

∥∥∥∥ dσ = χ2

(
λ(t)

)
.

Hence χ−1
2 ◦ χ1 = λ = ρ−1

2 ◦ ρ1. Therefore, if we denote the total length by L :=

χ1(f1) = χ2(f2), we have

(6.27) (ρ2 ◦ φ2)(t) = (ρ1 ◦ φ1)(t) ∀ t ∈ [0, L].

Let S,T ∈ C be the starting and terminating points of the common edge. As ex-

plained in relation (6.23) (see Fig. 6.8), there are s1, θ1 ∈ [e1, f1] and s2, θ2 ∈ [e2, f2]

such that

S = (ψ1 ◦ κ1)(s1) = (ψ2 ◦ κ2)(s2)

T = (ψ1 ◦ κ1)(θ1) = (ψ2 ◦ κ2)(θ2).

From (6.27), we deduce χ1(s1) = χ2(s2) =: s ∈ [0, L] and χ1(θ1) = χ2(θ2) =: θ ∈

[0, L]. We assume only the first relation of (6.25) with u1 = 1 and u2 = 0 and we

are proving the first equality of (6.26) while the other 15 cases can be treated in

a similar manner. This means, let us assume that the sides of the Coons maps c1
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and c2 are β1 and δ2. That is, β1 is the restriction of κ1 on [s1, θ1] and δ2 is the

restriction of κ2 on [s2, θ2]:

β1(t) = κ1[tθ1 + (1 − t)s1], δ2(t) = κ2[tθ2 + (1 − t)s2], t ∈ [0, 1].

Hence, ψ1 ◦ β1 ◦ φ1(t) = (ρ1 ◦ φ1)[tθ + (1 − t)s] for t ∈ [0, 1]. Similarly, for δ2 we

have ψ2 ◦ δ2 ◦ φ2(t) = (ρ2 ◦ φ2)[tθ + (1 − t)s] for t ∈ [0, 1]. Relation (6.27) yields

(6.28) ψ1 ◦ β1 ◦ φ1(t) = ψ2 ◦ δ2 ◦ φ2(t) ∀ t ∈ [0, 1].

We denote β̃1 := β1 ◦ φ1 and β̃2 := β2 ◦ φ2. Since we have c̃1(1, v) = β̃1(v) and

c̃2(0, v) = δ̃2(v) independently of F0, F1, we can deduce the result from (6.28).

�

7. Numerical Results

7.1. Examples of geometries. We first like to demonstrate the parametric rep-

resentation that is constructed by our algorithm. We consider four CAD models

consisting respectively of 14, 34, 28, 26 faces. After using our decomposition tech-

niques, the resulting tessellation have respectively 38, 78, 212, 93 patches. For all

geometries, we present in Fig. 7.10(a)–7.10(d) the patches with the mesh that is

obtained on refinement level 3.

In order to measure the performance of our algorithm in practice, we have done two

tests. The first one specifies the time for the tessellation operation: file loading, IGES

entity parsing and the four-sided decomposition. The second test is the evaluation

of the points on a tensor product grid with dyadic stepsize 2−J . We have used level

J = 6 which requires 4225 points per patch. The computation measurement has

been performed on a machine with processor Intel Core 2.16GHz running Windows

Vista. The results of the tests are gathered in Tab. 7.3 that shows that the decom-

position process is in general very fast. It is worth mentioning that the time for the

evaluation depends on two factors. First, it depends on the number of four-sided

patches and the level. On the other hand, the properties of the underlying surface

ψi that we met in Sec. 3 affects the evaluation performance. For instance, a planar

patch and a NURBS patch having high smoothness have different performance of

point evaluation. Averagely, about 0.051 seconds per patch is need for the evaluation

process in practical CAD models at level J = 6.

In order to avoid the dependence of the computing times on the patch represen-

tation we transfer only the grid points of the discretization level J to the wavelet

BEM solver. Especially this decouples both codes. Arbitrary points on the surface
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(a) (b)

(c) (d)

Figure 7.10. Constructed parametrizations with mesh on the level 3.

Model #trim surf #untrim surf #patches Decomposition Evaluation

(a) 4 10 38 0.203 sec. 1.716 sec.

(b) 6 28 78 0.655 sec. 4.883 sec.

(c) 6 22 212 0.686 sec. 10.124 sec.

(d) 6 20 93 0.670 sec 5.913 sec
Table 7.3. Results about CAD models.

are evaluated via interpolation with sufficiently high order. That is quadratic in-

terpolation in case of piecewise constant and fourth-order interpolation in case of

piecewise bilinear wavelets.
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7.2. BEM calculations. In order to demonstrate the efficiency of the wavelet

Galerkin method we present here only a representative example which demonstrates

our algorithm quantitatively.

Let Ω be the tool shown in Fig. 7.10(c), represented by 212 patches. We shall seek

the function U ∈ H1
loc(Ω

c) satisfying the following exterior Dirichlet problem for the

Laplacian:

∆U = 0 in Ωc,

U = f on Γ,(7.29)

U = O(‖x‖−1) as ‖x‖ → ∞.

The ansatz

(7.30) U(x) =
1

4π

∫

Γ

u(y)

‖x − y‖
dσy, x ∈ Ω,

yields the Fredholm boundary integral equation of the first kind Vu = f for the

unknown density function u ∈ H−1/2(Γ). Herein, V : H−1/2(Γ) → H1/2(Γ) denotes

the single layer operator given by

(7.31) (Vu)(x) :=
1

4π

∫

Γ

u(y)

‖x − y‖
dσy, x ∈ Γ.

The function

U(x) =
1√

(x− 0.5)2 + (y − 0.3)2 + (z − 0.5)2
,

where (0.5, 0.3, 0.5) ∈ Ω, satisfies (7.29) if we choose f := U |Γ. That way we con-

structed a problem where the solution is known analytically.

We discretize the given boundary integral equation by piecewise constant wavelets

with three vanishing moments which is consistent to (2.7). We compute the discrete

solution UJ := [UJ(xi)] according to (7.30) from the approximated density uJ , where

the evaluation points xi are on the sphere with radius 1.5. If the density u is inH1(Γ)

we obtain for x ∈ Ωc the pointwise estimate |U(x) − UJ(x)| ≤ cx‖u − uJ‖H−2(Γ) .

2−3J‖u‖H1(Γ), cf. [33]. Nevertheless, we can only expect a reduced rate of convergence

since u 6∈ H1(Γ) due to the presence of corner and edge singularities.

J NJ ‖U − UJ‖∞ a-priori a-posteriori cpu-time #iterations

1 848 1.8e-2 28 % 20 % 1 sec. 37

2 3392 8.3e-3 (2.2) 11 % 7.4 % 4 sec. 40

3 13568 8.6e-4 (9.6) 4.0 % 1.9 % 38 sec. 83

4 54272 5.1e-5 (17) 1.2 % 3.9e-1 % 248 sec. 70

5 217088 1.4e-5 (3.7) 3.2e-1 % 8.5e-2 % 1215 sec. 81
Table 7.4. Numerical results with respect to the tool.
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We present in Tab. 7.4 the results produced by the wavelet Galerkin scheme. The

3rd column refers to the absolute ℓ∞-error of the point evaluations UJ . In the 4th

and 5th columns we tabulate the number of relevant coefficients. Note that on the

level 5 only 700 and 200 relevant matrix coefficients per degree of freedom remain

after the a-priori and a-posteriori compression, respectively. One figures out of the

6th column the over-all computing times, including compressing, assembling and

solving the linear system of equations. Since the single layer operator is of order

−1 preconditioning becomes an issue. Therefore, in the last column we specified the

number of cg-iterations, preconditioned by a diagonal scaling (cf. Thm. 2.3 and the

remark below). The computations have been performed on a single processor of a

Sun FireV20z Server with two 2.2 MHz AMD Opteron processors and 4 GB main

memory per processor.
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